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The aim of this paper is to show that the normalizing rank aggregation method can not only
be used to derive the priority vector for a multiplicative preference relation, but also for the
additive transitive fuzzy preference relation. To do so, a simple functional equation
between fuzzy preference’s element and priority weight is derived ﬁrstly, then, based on
the equation, three methods are proposed to prove that the normalizing rank aggregation
method is simple and effective for deriving the priority vector. Finally, a numerical exam-
ple is used to illustrate the proposed methods.
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Multi-attribute decision making is a prominent area of modern decision science. The decision maker often needs to select
the most desirable alternatives or rank the alternatives from a given alternative set. There are often two processes in the
process, namely: (1) the preference process; and (2) the priority process. In the former process of decision making, the deci-
sion maker (DM) generally needs to provide his/her preferences over a set of n decision alternatives. In other words, the deci-
sion maker needs to compare these alternatives with respect to a single criterion and constructs a preference relation. In the
latter process, the decision maker (DM) then derives the priority vector of the preference by some techniques based on the
given preference relation. Pairwise comparison is the most common technique to construct a preference relation. Up to now,
there are two common kinds of preference relations, one of the preference relations takes the form of multiplicative prefer-
ence relation, which was introduced by Saaty [20] ﬁrstly, and since then, the analytic hierarchy process (AHP) has been
widely studied [3,5,7,11,13,16,17,25] and has been applied extensively in many ﬁelds, such as economic analysis, technology
transfer, and population forecast [24]. The AHP also has been extended to the fuzzy environment, called fuzzy AHP [1,26],
and has been used to prioritization of organization capital measurement indicators [1], new product screening [26], etc. An-
other preference relation takes the form of fuzzy preference relation [4,7,8,12,14,15,18,19,21–23,27–29,33,34] (or called
probabilistic relation). Many methods have been proposed for assessing the priority vector of a multiplicative preference
relation, such as the eigenvector method [20], normalizing rank aggregation method [20], synthetic hierarchy method
[16], least square method [13], gradient eigenvector method [5], logarithmic least square method [6], generalized chi square
method [30]. But for fuzzy preference relations, some priority methods which called choice functions or degrees have been
given [4,12,14,15,19], rarely references have focused on the direct approach to derive the priority of the fuzzy judgement2009 Published by Elsevier Inc. All rights reserved.
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presented a least deviation method to obtain a priority vector of a fuzzy preference relation, Wang and Fan [27] applied the
logarithmic and geometric least squares methods to deal with the group decision analysis problems with fuzzy preference
relations. Wang et al. [28] proposed a chi-square method for obtaining a priority vector from multiplicative and fuzzy pref-
erence relations. These methods are both complexity and difﬁcult to compute. Therefore, it is important to ﬁnd an easy
method to priority for the fuzzy preference relation. For the multiplicative preference relation, the normalizing rank aggre-
gation method is one of the effective and simple methods, which can be used to derive the priority easily, motivated by the
idea, can this method be used to fuzzy preference relation? And on the other hand, the consistency property is one of the
most important properties. The lack of consistency in decision making can lead to inconsistent conclusions; Tanino [21] pre-
sented the additive transitivity property of the fuzzy preference relations, and additive transitivity is a stronger concept
[21,22]. The problem of consistency itself includes two problems [10]: (1) when an expert, considered individually, is said
to be consistent and, (2) when a whole group of experts are considered consistent. In this paper, we focus on the ﬁrst prob-
lem, assuming that expert’s preferences are expressed by means of a fuzzy preference relation deﬁned over a ﬁnite and ﬁxed
set of alternatives.
In real practice, there may be cases where the expert would not be able to efﬁciently express any kind of preference de-
gree between two or more of the available options. This may be due to an expert not possessing a precise or sufﬁcient level of
knowledge of part of the problem, or because the expert is unable to discriminate the degree to which some options are bet-
ter than others. Therefore, it would be of great importance to provide the experts with tools that allow them to express this
lack of knowledge in their opinions. It is called incomplete fuzzy preference relations [2,9,31,32]. Herrera-Viedma et al. [9]
presented a new decision model to deal with GDM problems with the incomplete fuzzy preference relations based on the
additive consistency. Chiclana et al. [2] presented a new estimation method of missing values in an incomplete fuzzy pref-
erence relation which is based on the U-consistency criteria.
In this paper, we propose the normalizing rank aggregation method for priority of a perfectly consistent fuzzy preference
relation. If the fuzzy preference is not perfectly consistent, we will prove that it still could use the normalizing rank aggre-
gation method for priority after the transformation, and the transformation preference relation is perfectly consistent, and
also has the same priority of the initial fuzzy preference relation. For the incomplete fuzzy preference relation, we present a
method to estimate the missing values in the incomplete fuzzy preference relation. It shows that the normalizing rank aggre-
gation method is effective to compute the priority of the fuzzy preference relation.
To do so, this paper is structured in the following way. Section 1 is an introduction. Section 2 gives the basic concepts of
the multiplicative preference relation and fuzzy preference relation, and also introduces the normalizing rank aggregation
method for priority of the multiplicative preference relation. Section 3, we deduce the function between the fuzzy preference
relation and priority vector, and the function can be expressed as a simple formula. Section 4, we propose three methods to
verify that the normalizing rank aggregation method is also effective to priority of a fuzzy preference relation, and also give
an example. Section 5, we give a conclusion to the paper.2. Normalizing rank aggregation method for priority of a multiplicative preference relation
This section describes the multiplicative preference relation and fuzzy preference relation on alternatives, and introduces
the normalizing rank aggregation method for priority of the multiplicative preference relation.
Let X ¼ fx1; x2; . . . ; xngðnP 2Þ be a ﬁnite set of alternatives, where xi denotes the ith alternative. In the multiple attribute
decision making problems, the decision maker needs to rank the alternatives x1; x2; . . . ; xn from the best to the worst accord-
ing to the preference information. A brief description of the multiplicative preference relation and fuzzy preference relation
is given below.
The multiplicative preference relation is a positive preference relation A  X  X;A ¼ ðaijÞnn, where aij denotes the rela-
tive weight of alternative xi with respect to xj. The measurement of aij is described using a ratio scale and in particular, as
shown by Saaty [20], aij 2 f1=9;1=8;1=7; . . . ;1;2; . . . ;9g : aij ¼ 1 denotes the indifference between xi and xj; aij ¼ 9 (or
aji ¼ 1=9) denotes that xi is unanimously preferred to xj, and aij 2 f2;3; . . . ;8g denotes the intermediate evaluations. It is mul-
tiplicative reciprocal, i.e., aijaji ¼ 1;8i; j 2 f1;2; . . . ;ng and in particular, aii ¼ 1;8i 2 f1;2; . . . ;ng. Thus we have the following
deﬁnition [20].
Deﬁnition 1. Let A ¼ ðaijÞnn be a multiplicative preference relation, then A is called a consistent multiplicative preference
relation (or called consistent reciprocal judgement matrix [20]), if aij ¼ aikakj, for all i; j; k.
The fuzzy preference relation R is described as follows: R  X  X;R ¼ ðrijÞnn, with membership function
uR : X  X ! ½0;1, where uRðxi; xjÞ ¼ rij denotes the preference degree of the alternative xi over xj [4,14,21,23]: rij ¼ 0:5
denotes indifference between xi and xj; rij ¼ 1, denotes that xi is unanimously preferred to xj, and 0:5 < rij < 1 (or
0 < rji < 0:5) denotes that xi is preferred to xj.
Deﬁnition 2. Let R ¼ ðrijÞnn be a preference relation, then R is called a fuzzy preference relation [4,7,8,12,14,15,18,19,21–
23,27–29,33,34] ifrij 2 ½0;1; rij þ rji ¼ 1; rii ¼ 0:5 for all i; j ¼ 1;2; . . . ;n
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the following additive transitivity [21] is satisﬁed:rij ¼ rik  rjk þ 0:5 for all i; j; k:
We also call the additive transitive perfectly consistent.
From Deﬁnition 2, we can get the following results easily:
Theorem 1. Let R ¼ ðrijÞnn be a fuzzy preference relation, then the sum of all the elements of R is n2=2, that is
Xn
i¼1
Xn
j¼1
rij ¼ n2=2In the following, we will introduce the normalizing rank aggregation method for priority of the multiplicative preference
relation.
For w ¼ fw1;w2; . . . ;wngT be the weighting vector of a multiplicative reciprocal judgement matrix A ¼ ðaijÞnn, thenwi > 0;
Xn
i¼1
wi ¼ 1 ð1ÞIf A ¼ ðaijÞnn is perfectly consistent, thenwi ¼
Pn
j¼1aijPn
i¼1
Pn
j¼1aij
i ¼ 1;2; . . . ; n ð2ÞWe call Eq. (2) normalizing rank aggregation method; From above, we know that if A ¼ ðaijÞnn is perfectly consistent re-
ciprocal judgement matrix, the weighting vector can be got easily by Eq. (2), it is only to sum all the elements of each line and
sum all the elements of the matrix. But for a fuzzy preference relation, in the following, we will show that it also can be used
to derive the weighting vector.
3. The relationship between the fuzzy preference relation and priority vector
As we have stated above, suppose that we have a set of alternatives, X ¼ fx1; x2; . . . ; xng, the expert gives his/her fuzzy
preference relation, and constructs the judgement matrix R,R ¼
r11 r12 . . . r1n
r21 r22 . . . r2n
. . . . . . . . . . . .
rn1 rn2 . . . rnn
2
6664
3
7775and w1;w2; . . . ;wn be the corresponding ranking vector of each alternativex1; x2; . . . ; xn, where wi P 0;
Pn
i¼1wi ¼ 1. Based on
the description of the fuzzy preference relation given in the Section 2, rij denotes the pairwise preference degree of alterna-
tive xi over xj. Since it is well known that the preference information between alternative xi and xj can also be reﬂected in
their ranking values wi and wj, there exists an explicit function relation between rij and the ranking values wi and wj. From
the Deﬁnitions 2 and 3, rij denotes the preference degree of the alternative xi over xj, the greater rij, the stronger the prefer-
ence of alternative xi over xj; rij ¼ 0:5 denotes indifference between xi and xj. Thus, wi wj is also the preference degree of xi
over xj, and the greater wi wj, the stronger the preference of alternative xi over xj. So, there exists some relationship be-
tween rij and wi wj. We use function f to denote the relationship, which is rij ¼ f ðwi wjÞ [34].
In the following, we infer the properties of f:
(1) From the above analysis, we know that the greater rij, the stronger the preference degree of xi over xj. Similarly, the
greater wi wj, the stronger the preference degree of xi over xj. So, the function f ðxÞ should be the increasing function
on [1,1] (since 1 6 wi wj 6 1).
(2) f is a continuous function.
(3) From Weirstrass theorem, for function f ðxÞ 2 ½1;1 and 8e > 0, there always exits a polynomial hðxÞ, that
kf ðxÞ  hðxÞk 6 e on [1,1], assume that:
f ðxÞ ¼ a0 þ a1xþ a2x2 þ    þ anxn ð3Þ(4) From the properties of function f, we can deduce the speciﬁc form:
r for rij ¼ 1 rji, we have f ðxÞ ¼ f ðwi wjÞ ¼ 1 f ðwj wiÞ, writing x ¼ wi wj, so f ðxÞ ¼ 1 f ðxÞ, then we have
f ðxÞ þ f ðxÞ ¼ 1 ð4Þ
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2 4 2k2a0 þ 2a2x þ 2a4x þ    þ a2kx ¼ 1 ð5Þ
that isð2a0  1Þ þ 2a2x2 þ 2a4x4 þ    þ a2kx2k ¼ 0 ð6Þ
for all x 2 ½1;1, the Eq. (6) should exist (where n ¼ 2k or n ¼ 2kþ 1). Because there exist 2k solutions for 2k polynomial at
most, for all x 2 ½1;1. If Eq. (6) holds, there must be:2a0  1 ¼ 2a2 ¼ 2a4 ¼    ¼ 2a2k ¼ 0
Thena0 ¼ 1=2; a2 ¼ a4 ¼ . . . ¼ a2k ¼ 0, thus function f can be expressed as follows:f ðxÞ ¼ 0:5þ a1xþ a3x3 þ    þ a2k1x2k1 ð7Þ
Writing gðxÞ ¼ a1xþ a3x3 þ    þ a2k1x2k1, the expression of f becomesf ðxÞ ¼ 0:5þ gðxÞ ð8Þ
s for rij ¼ rik  rjk þ 0:5, we havef ðwi wjÞ ¼ f ðwi wkÞ  f ðwj wkÞ þ 0:5
Writing x ¼ wi wk; y ¼ wj wk, we havef ðx yÞ ¼ f ðxÞ  f ðyÞ þ 0:5 ð9Þ
and f ðxÞ ¼ 0:5þ gðxÞ, also along with (9), we havegðx yÞ þ 0:5 ¼ gðxÞ þ 0:5 ðgðyÞ þ 0:5Þ þ 0:5 ð10Þ
that isgðx yÞ ¼ gðxÞ  gðyÞ ð11Þ
and gðxÞ ¼ a1xþ a3x3 þ    þ a2k1x2k1gðyÞ ¼ a1yþ a3y3 þ    þ a2k1y2k1
gðx yÞ ¼ a1ðx yÞ þ a3ðx yÞ3 þ    þ a2k1ðx yÞ2k1So if gðx yÞ ¼ gðxÞ  gðyÞ, for all x; y 2 ½1;1, there must be
a3 ¼ a5 ¼    ¼ a2k1 ¼ 0In fact, because gðx yÞ ¼ gðxÞ  gðyÞ, for all x; y 2 ½1;1, generally, if y ¼ cxðc is an arbitrary constant), then
gðx yÞ ¼ a1ð1 cÞxþ a3ð1 cÞ3x3 þ    þ a2k1ð1 cÞ2k1x2k1
gðxÞ  gðyÞ ¼ a1ð1 cÞxþ a3ð1 c3Þx3 þ    þ a2k1ð1 c2k1Þx2k1So a1ð1 cÞxþ a3ð1 cÞ3x3 þ    þ a2k1ð1 cÞ2k1x2k1 ¼ a1ð1 cÞxþ a3ð1 c3Þx3 þ    þ a2k1ð1 c2k1Þx2k1, for all
x 2 ½1;1, Because there exist 2k 1 solutions for 2k 1 polynomial at most, thena1ð1 cÞ ¼ a1ð1 cÞ; a3ð1 cÞ3 ¼ a3ð1 c3Þ; . . . ; a2k1ð1 cÞ2k1 ¼ a2k1ð1 c2k1Þ;
Because c is an arbitrary constant, so we again can geta3 ¼ a5 ¼    ¼ a2k1 ¼ 0
andgðxÞ ¼ a1x;
Thus,f ðxÞ ¼ 0:5þ a1x:
t for rij ¼ f ðwi wjÞ and f ðxÞ ¼ 0:5þ a1x, we haverij ¼ 0:5þ a1ðwi wjÞ ð12ÞAs stated above, we have the following results:
Lemma 1. Let R ¼ ðrijÞnn be a fuzzy additive transitive preference relation, w ¼ ðw1;w2; . . . ;wnÞT be the corresponding weighting
vector, where 0 6 wi 6 1; i ¼ 1;2; . . . ;n;
Pn
i¼1wi ¼ 1, then there exists a positive number b, and such a relation can be expressed
as follows:
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As f is a continuous and increasing function, so b > 0. In the following, we will deduce how to take the value of b corre-
sponding to the fuzzy preference relation R.
Lemma 2. Let R ¼ ðrijÞnn be a fuzzy preference relation, we take the below transformation:pij ¼ 0:5þ a
Xn
l¼1
ril 
Xn
l¼1
rjl
 !
8i; j; l ¼ 1;2; . . . ;n ð14Þwhere aP 12ðn1Þ.
(i) The transformation matrix P ¼ ðpijÞnn will be additive transitive perfectly consistent.
(ii) If a ¼ 1n, the preference relation R is additive transitive perfectly consistent if and only if R ¼ P.
Proof
(i) Since R ¼ ðrijÞnn is a fuzzy preference relation, then1
2
6
Xn
l¼1
ril 6 n 12 ;
1
2
6
Xn
l¼1
rjl 6 n 12 ;and1
2
 n 6 
Xn
l¼1
rjl 6 12so1 n 6
Xn
l¼1
ril 
Xn
l¼1
rjl 6 n 1Thuspij ¼ 0:5þ a
Xn
l¼1
ril 
Xn
l¼1
rjl
 !
P 0:5þ 1
2ðn 1Þ  ð1 nÞP 0;and pij ¼ 0:5þ a
Pn
l¼1ril 
Pn
l¼1rjl
 
, thenpij þ pji ¼ 0:5þ a
Xn
l¼1
ril 
Xn
l¼1
rjl
 !
þ 0:5þ a
Xn
l¼1
rjl 
Xn
l¼1
ril
 !
¼ 1So P ¼ ðpijÞnn is a fuzzy preference relation.
On the other hand,pij ¼ 0:5þ a
Xn
l¼1
ril 
Xn
l¼1
rjl
 !
¼ 0:5þ a
Xn
l¼1
ril 
Xn
l¼1
rkl
 !

Xn
l¼1
rjl 
Xn
l¼1
rkl
 !" #
¼ 0:5þ 0:5þ a
Xn
l¼1
ril 
Xn
l¼1
rkl
 !" #
 0:5þ a
Xn
l¼1
rjl 
Xn
l¼1
rkl
 !" #
¼ 0:5þ pik  pjkFrom Deﬁnition 2, we know that P ¼ ðpijÞnn is additive transitive perfectly consistent.
(ii) If R is additive transitive perfectly consistent, thenrij ¼ rik  rjk þ 0:5
for all 8i; j; k ¼ 1;2; . . . ;n, we havepij ¼ 0:5þ a
Xn
k¼1
rik 
Xn
k¼1
rjk
 !
¼ 0:5þ a
Xn
k¼1
ðrij  0:5Þ ¼ 0:5þ aðrij  0:5Þ  nSo if a ¼ 1n, then pij ¼ rij, that is R ¼ P. On the other hand, if R ¼ P. From (i), we know that P ¼ ðpijÞnn is additive transitive
perfectly consistent, so R is also additive transitive perfectly consistent, which completes the proof Lemma 2.
From Lemma 2, if a ¼ 1n, it is clear that the transformation preference relation P ¼ ðpijÞnn is closer to the initial preference
relation R ¼ ðrijÞnn. If a– 1n, then the transformation preference relation P ¼ ðpijÞnn is deviation from the initial preference
1292 Y. Xu et al. / International Journal of Approximate Reasoning 50 (2009) 1287–1297relation R ¼ ðrijÞnn, that is to say, if the initial preference relation R ¼ ðrijÞnn is additive transitive perfectly consistent, the
transformation preference relation P ¼ ðpijÞnn is also additive transitive perfectly consistent, but they are not equal ðP–RÞ,
thus the transformation changes the initial information, and cannot express true options of the decision maker (DM).4. Three proposed methods
In the following, we will prove that the normalizing rank aggregation method can be used to calculate the weighting vec-
tor for the fuzzy preference relation through three methods.
4.1. Method 1: normalizing rank aggregation method
Theorem 2. If b ¼ n2, then the priority vector of the additive transitive perfectly consistent fuzzy preference relationR derived by Eq.
(13) is normalizing rank aggregation method, that iswi ¼
Pn
j¼1rij
n2=2
ð15ÞProof. If b ¼ n2, by Eq. (13), we havewi ¼ rij  0:5n
2
þwj ð16ÞSumming on both sides of Eq. (16) with respect to j, thenXn
j¼1
wi ¼
Pn
j¼1ðrij  0:5Þ
n
2
þ
Xn
j¼1
wji.e.,nwi ¼
Pn
j¼1rij  0:5n
n
2
þ 1Therefore,wi ¼
Pn
j¼1rij
n2=2
¼
Pn
j¼1rijPn
i¼1
Pn
j¼1rijwhich completes the proof.
The above equation is similar to Eq. (2). So we also call the method is normalizing rank aggregation method. h
Theorem 3. If fuzzy preference relation R is not perfectly consistent, we also can use Eq. (15) to obtain the priority vector.
Proof. If R is not perfectly consistent, let w ¼ ðw1;w2; . . . ;wnÞT be the priority of R, and let w0 ¼ ðw01;w02; . . . ;w0nÞT be the pri-
ority of the transformation preference relation P. By Lemma 2, as pij ¼ 0:5þ a
Pn
l¼1ril 
Pn
l¼1rjl
 
, if
Pn
l¼1ril >
Pn
l¼1rjl, then
wi > wj, and aP 12ðn1Þ > 0, so pij > 0:5, it denotes that w
0
i > w
0
j. So, the priority order of the transformation preference rela-
tion P is same as the initial fuzzy preference relation R.
And also the transformation preference relation P is perfectly consistent, and from Theorem 2, we can use normalizing
rank aggregation method to obtain the weighting vector of P, that iswi ¼
Pn
j¼1pij
n2=2
¼
Pn
j¼1 0:5þ 1n
Pn
l¼1ril 
Pn
l¼1rjl
  
n2=2
¼
2 0:5nþPnl¼1ril  1nPnj¼1Pnl¼1rjl 
n2
¼ 2
Pn
l¼1ril
n2It is still the Eq. (15). So the priority of the transformation preference relation P is same as the priority of R. Therefore, by
Theorems 2 and 3, we can know that the priority weighting vector of a fuzzy preference relation can be obtained by normal-
izing rank aggregation method whether the fuzzy preference relation R is perfectly consistent or not.4.2. Method 2: least variance method
From the above method, we can know that if R is additive transitive perfectly consistent fuzzy preference relation, then
rij ¼ n2 ðwi wjÞ þ 0:5, but in the most situations, the decision maker gives his/her preference relation R is not always per-
fectly consistent, that is Eq. (13) does not hold, there is deviation between rij and n2 ðwi wjÞ þ 0:5, and the deviation degree
is given by Eq. (17),
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  i; j ¼ 1;2; . . . ; n ð17ÞApparently, fij is the explicit function of wiði ¼ 1;2; . . . ;nÞ.
For all i; j; i; j ¼ 1;2; . . . ;n, we can form a new collective deviation degree and construct the deviation function as
follows:FðwÞ ¼
Xn
i¼1
Xn
j¼1
rij  n2 ðwi wjÞ  0:5
h i2Obviously, the smaller the value of total deviation degree FðwÞ, the better consistent is. So the reasonable weighting vec-
tor w should beFðwÞ ¼ min
w
FðwÞ ¼
Xn
i¼1
Xn
j¼1
rij  n2 ðwi wjÞ  0:5
h i2
ð18ÞThe priority weighting vector derived by Eq. (18) is called Least Variance Method(LVM).
Theorem 4. Let R ¼ ðrijÞnn be a fuzzy preference relation, then the priority weighting vector w ¼ ðw1;w2; . . . ;wnÞT derived by
Least Variance Method (LVM) satisﬁed:wi ¼
Pn
j¼1rij
n2
2
i; j ¼ 1;2; . . . ;n ð19ÞProof. To prove the conclusion, we change FðwÞ to the following form:F 0ðwÞ ¼
Xn
i¼1
Xn
j¼1
½rij  bðwi wjÞ  0:52We can construct the Lagrange functionLðw; kÞ ¼ F 0ðwÞ þ 2k
Xn
i¼1
wi  1
" #
ð20Þwhere k is the Lagrange multiplier. Since both F 0ðwÞ and Lðw; kÞ are differential for wi; i ¼ 1;2; . . . ;n, differentiating Eq. (20)
with respect to wi; i ¼ 1;2; . . . ;n, and setting the partial derivatives equal to zero, we get the following set of equations:@L
@wi
¼ 2
Xn
j¼1
½2b2ðwi wjÞ þ bðrji  rijÞ þ 2k ¼ 0; i ¼ 1;2; . . . ; ni.e.,2nb2wi  2b2
Xn
j¼1
wj þ b
Xn
j¼1
ðrji  rijÞ þ k ¼ 0 ð21Þ
2nb2wi  2b2 þ b
Xb
j¼1
ðrji  rijÞ þ k ¼ 0 ð22ÞSumming on both sides of Eq. (22) with respect to i; i ¼ 1;2; . . . ;n, we have2nb2
Xn
i¼1
wi  2nb2 þ b
Xn
i¼1
Xn
j¼1
ðrji  rijÞ þ nk ¼ 0 ð23ÞSinceXn
i¼1
Xn
j¼1
ðrji  rijÞ ¼ 0; ð24ÞAs a result k ¼ 0. Hence, from Eq. (22) and k ¼ 0, it can be obtained thatwi ¼ 1nþ
1
2nb
Xn
j¼1
ðrji  rijÞ ¼ 1nþ
1
2nb
2
Xn
j¼1
aij  n
" #
ð25ÞIf b ¼ n2, then
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2
Pn
j¼1rij
n2
ð26Þwhich completes the proof Theorem 4.
If b ¼ 12, thenwi ¼ 1n 1þ
2
n
Xn
j¼1
aij ð27ÞIf b ¼ 1, thenwi ¼ 1n
1
2
þ 1
n
Xn
j¼1
rij ð28ÞFrom Theorem 4, we can know that the priority weighting vector derived by Least Variance Method (LVM) is same to the
normalizing rank aggregation method, it also notes that the scientiﬁc and rationality of the normalizing rank aggregation
method. From Eq. (26), if b ¼ n2, for all i; i ¼ 1;2; . . . ;n, there always wi P 0. Taking b ¼ 12, if
Pn
j¼1aij 6 n2 12, from Eq. (27),
wi 6 0. Taking b ¼ 1, if
Pn
j¼1aij 6 n2 1, there also be wi 6 0, it notes that it is unreasonable to take b ¼ 12 or b ¼ 1. h4.3. Method 3: incomplete fuzzy preference relation method
Deﬁnition 4 [31]. Let C ¼ ðcijÞnn be a fuzzy preference relation, then C is called an incomplete fuzzy preference relation, if
some of its elements cannot be given by the DM, which we denote the unknown number x, and the others can be provided by
the DM, which satisfy cij 2 ½0;1; cij þ cji ¼ 1; cii ¼ 0:5.
Deﬁnition 5 [31]. Let C ¼ ðcijÞnn be an incomplete fuzzy preference relation, then C is called an additive consistent incom-
plete fuzzy preference relation, if all the known elements of C satisfy the additive transitivity cij ¼ cik  cjk þ 0:5.
Let S be the set of all the known elements of the incomplete fuzzy preference relation.
For a fuzzy preference relation, which all the elements is known, from Theorem 2, we have proved that it is more
reasonable to take b ¼ n2, thereforecij ¼ n2 ðwi wjÞ þ 0:5 ð29Þand we extend the conclusion to the unknown elements of the incomplete fuzzy preference relation, that is, if cij ¼ x, then we
instead x by n2 ðwi wjÞ þ 0:5.
Let C ¼ ðcijÞnn be an incomplete fuzzy preference relation, we construct an auxiliary fuzzy preference relation
C ¼ ðcijÞnn, its element is:cij ¼
cij cij–x
n
2 ðwi wjÞ þ 0:5 cij ¼ x
(
ð30ÞExample 1. For a decision making problem, there are three decision alternatives. The DM provides his/her preference over
these three decision alternatives, and gives an incomplete fuzzy preference relation as follows:C ¼
0:5 0:4 x
0:6 0:5 0:7
1 x 0:3 0:5
2
64
3
75From the incomplete fuzzy preference relation C, we construct the auxiliary fuzzy preference relation C ¼ ðcijÞnn as follows
(where n ¼ 3Þ.C ¼
0:5 0:4 32 ðw1 w3Þ þ 0:5
0:6 0:5 0:7
3
2 ðw3 w1Þ þ 0:5 0:3 0:5
2
64
3
75We use normalizing rank aggregation method to obtain the priority vector, that iswi ¼
Pn
j¼1cijPn
i¼1
Pn
j¼1cij
¼
Pn
j¼1cij
n2
2
i ¼ 1;2; . . . ;nWe get the following linear equations:
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w2 ¼ 0:6þ0:5þ0:74:5
w3 ¼ 1:5ðw3w1Þþ0:5þ0:3þ0:54:5
8><
>:Solving the linear equations, we obtain: w1 ¼ 1=3;w2 ¼ 2=5;w3 ¼ 4=15. And the priority vector is w ¼ ð1=3;2=5;4=15ÞT . And
we also can get the unknown elements as follows:c13 ¼ 1:5ðw1 w3Þ þ 0:5 ¼ 0:6; c31 ¼ 1:5ðw3 w1Þ þ 0:5 ¼ 0:4 and thenC ¼
0:5 0:4 0:6
0:6 0:5 0:7
0:4 0:3 0:5
2
64
3
75Obviously, C is an additive consistent fuzzy preference relation. If we take b ¼ 1=2, which computed in Ref. [32] and we
have w ¼ ð0:31;0:4;0:29ÞT ; c13 ¼ 12 ðw1 w3 þ 1Þ ¼ 0:51,c31 ¼ 0:5ðw3 w1 þ 1Þ ¼ 0:49. ThenC ¼
0:5 0:4 0:51
0:6 0:5 0:7
0:49 0:3 0:5
2
64
3
75Obviously, C is not an additive consistent fuzzy preference relation, again, we can see that it is more reasonable to take
b ¼ n=2 thanb ¼ 1=2.
In the following, we will see that b ¼ n=2 is appropriate than b ¼ 1=2 through another way.
For an incomplete fuzzy preference relation, generally, Eq. (29) does not hold. We can construct the following deviation
function:fij ¼ jcij  n2 ðwi wjÞ  0:5j ð31ÞAs C is incomplete fuzzy preference relation, we still use the above method to construct the auxiliary fuzzy preference rela-
tion C ¼ ðcijÞnn, if cij ¼ x, then fij ¼ 0, for the convenience of computation, we construct an indication matrix D ¼ ðdijÞnn of
the incomplete fuzzy preference relation C ¼ ðcijÞnn, wheredij ¼
0 cij ¼ x
1 cij–x
And construct the following multiple objective programming model:ðMOP1Þ min eij ¼ jdijcij  dij n2 ðwi wjÞ þ 0:5
h i
j i; j ¼ 1;2; . . . ; n; i–j
s:t:
Xn
i¼1
wi ¼ 1; wi P 0; i ¼ 1;2; . . . ; nSolution to the above minimization problem is found by solving the following goal programming model:ðLOP1Þ min z ¼
Xn
i¼1
Xn
j¼1
j–i
ðsijdþij þ tijdij Þ
s:t: dij cij  n2 ðwi wjÞ  0:5
h i
 dþij þ dij ¼ 0Xn
i¼1
wi ¼ 1; wi P 0; i ¼ 1;2; . . . ; n;
dþij P 0; d

ij P 0; i; j ¼ 1;2; . . . ; n; i–jwheredþij is the positive deviation from the target of the goal eij, deﬁned asdþij ¼ dij cij 
n
2
ðwi wjÞ  0:5
h i
_ 0dij is the negative deviation from the target of the goal eij, deﬁned asdij ¼ dij
n
2
ðwi wjÞ þ 0:5 cij
h i
_ 0sij is the weighting factor corresponding to the positive deviation d
þ
ij ; tij is the weighting factor corresponding to the negative
deviation dij .
Consider that all the goal functions eij are fair, then we can set sij ¼ tij ¼ 1; i; j ¼ 1;2; . . . ;n, and then the model (LOP1) can
be rewritten as
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Xn
i¼1
Xn
j¼1
j–i
dþij þ dij
 
s:t: dij cij  n2 ðwi wjÞ  0:5
h i
 dþij þ dij ¼ 0Xn
i¼1
wi ¼ 1; wi P 0; i 2 N;
dþij P 0; d

ij P 0; i; j ¼ 1;2; . . . ; n; i–jBy solving the model (LOP2), we can obtain the priority vector w ¼ ðw1;w2; . . . ;wnÞT of the incomplete fuzzy preference
relation C ¼ ðcijÞnn.
We still use the above example to compute. And by the model (LOP2), we construct the following linear model:min z ¼ dþ12 þ d12 þ dþ21 þ d21 þ dþ23 þ d23 þ dþ32 þ d32
s:t: 0:4 1:5 ðw1 w2Þ  0:5 dþ12 þ d12 ¼ 0;
0:6 1:5 ðw2 w1Þ  0:5 dþ21 þ d21 ¼ 0;
0:7 1:5 ðw2 w3Þ  0:5 dþ23 þ d23 ¼ 0;
0:3 1:5 ðw3 w2Þ  0:5 dþ32 þ d32 ¼ 0;
w1 þw2 þw3 ¼ 1;
w1 P 0; w2 P 0; w3 P 0;
dþ12 P 0; d

12 P 0; d
þ
21 P 0; d

21 P 0; d
þ
23 P 0; d

23 P 0:Solving this model, we get the priority vector w of incomplete fuzzy preference relation C ¼ ðcijÞnn as follows:w ¼ ð0:3333;0:4; 0:2667ÞTand the result is same to the above method, if we use the method of Ref. [31] to compute, that is dijcij ¼ dij½0:5ðwi wj þ 1Þ,
we get w ¼ ð0:3333;0:5333;0:1333ÞT , and also we can verify the result is unreasonable, and the fuzzy preference relation is
not additive consistency.
The above linear programming method again notes that the value of b should take n=2, and by Theorem 2, we can verify
that the normalizing rank aggregation method is an effective way to compute the priority of a fuzzy preference relation. And
from the example results, we can know that b ¼ n=2 is prefer to b ¼ 1=2 which is taken by Xu [32]. But Xu [32] did not
mention why take b ¼ 1=2.5. Conclusions
In this paper, we ﬁrst study the normalizing rank aggregation method for the multiplicative preference relation, then we
construct an exactly function between the additive transitivity fuzzy preference relation and its corresponding priority vec-
tor. Based on the function, we propose three methods to verify that the normalizing rank aggregation method is also an effec-
tive priority method for the additive transitivity fuzzy preference relation, we call the three methods are normalizing rank
aggregation method, least variance method, incomplete fuzzy preference relation method. The proposed normalizing aggre-
gation method is simple and efﬁcient. In the above three proposed methods, the normalizing rank aggregation method and
the least variance method, we have given the theorems to verify the effectiveness of the normalizing rank aggregation meth-
od. But for the incomplete fuzzy preference relation method, we only give the numerical example to show that the normal-
izing rank aggregation method can be used to derive the priority vector of an additive transitive fuzzy preference relation.
Will it always satisfy general cases? It will be left for our future work. And also in the future, we will focus on the use of the
present method for the group decision making problem, i.e. when a whole group of experts are considered consistent.
Acknowledgements
The authors are very grateful to the Editor-in-Chief Thierry Denoeux, and three anonymous referees for their insightful
and constructive comments and suggestions that have led to an improved version of this paper.
References
[1] F.T. Bozbura, A. Beskese, Prioritization of organizational capital measurement indicators using fuzzy AHP, International Journal of Approximate
Reasoning 44 (2) (2007) 124–147.
[2] F. Chiclana, E. Herrera-Viedma, S. Alonso, F. Herrera, A note on the estimation of missing pairwise preference values: a uninorm consistency based
method, International Journal of Uncertainty, Fuzziness and Knowledge-Based Systems 16 (2) (2008) 19–32.
Y. Xu et al. / International Journal of Approximate Reasoning 50 (2009) 1287–1297 1297[3] F. Chiclana, E. Herrera, E. Herrera-Viedma, Integrating multiplicative preference relations in a multipurpose decision-making based on fuzzy preference
relations, Fuzzy Sets and Systems 122 (2001) 277–291.
[4] F. Chiclana, F. Herrera, E. Herrera-Viedma, Integrating three representation models in fuzzy multipurpose decision making based on fuzzy preference
relations, Fuzzy Sets and Systems 97 (1998) 33–48.
[5] K.O. Cogger, P.L. Yu, Eigenweight vectors and least-distance approximation for revealed preference in pairwise weight ratios, Journal of Optimization
Theory and Application 46 (1985) 483–491.
[6] G. Crawford, C. Williams, A note on the analysis of subjective judgement matrices, Journal of Mathematical Psychology 29 (1985) 387–405.
[7] Z.P. Fan, J. Ma, Y.P. Jiang, Y.H. Sun, L. Ma, A goal programming approach to group decision making based on multiplicative preference relations and
fuzzy preference relations, European Journal of Operational Research 174 (2006) 311–321.
[8] Z.P. Fan, J. Ma, Q. Zhang, An approach to multiple attribute decision making based on fuzzy preference information on alternatives, Fuzzy Sets and
Systems 131 (2002) 101–106.
[9] E. Herrera-Viedma, F. Chiclana, F. Herrera, S. Alonso, Group decision-making model with incomplete fuzzy preference relations based on additive
consistency, IEEE Transactions on Systems, Man and Cybernetics, Part B, Cybernetics 37 (1) (2007) 176–189.
[10] E. Herrera-Viedma, F. Herrera, F. Chliclana, M. Luque, Some issues on consistency of fuzzy preference relations, European Journal of Operational
Research 154 (2004) 98–109.
[11] F. Herrera, E. Herrera-Viedma, F. Chiclana, Multiperson decision-making based on multiplicative preference relations, European Journal of Operational
Research 129 (2001) 372–385.
[12] F. Herrera, E. Herrera-Viedma, J.L. Verdegay, A sequential selection process in group decision-making with a linguistic assessment approach,
Information Sciences 85 (1995) 223–239.
[13] R.E. Jensen, An alternative scaling method for priorities in hierarchy structures, Journal of Mathematical Psychology 28 (1984) 317–332.
[14] J. Kacprzyk, Group decision making with a fuzzy linguistic majority, Fuzzy Sets and Systems 18 (1986) 105–118.
[15] J. Kacprzyk, M. Roubens, Non-Conventional Preference Relations in Decision-Making, Springer, Berlin, 1988.
[16] S. Lipovetsky, The synthetic hierarchy method: an optimizing approach to obtaining priority in the AHP, European Journal of Operational Research 93
(1996) 550–564.
[17] S. Lipovetsky, A. Tishler, Interval estimation of priorities in the AHP, European Journal of Operational Research 114 (1999) 153–164.
[18] H. Nurmi, Approaches to collective decision making with fuzzy preference relations, Fuzzy Sets and Systems 6 (1981) 249–259.
[19] S.A. Orlovsky, Decision-making with a fuzzy preference relation, Fuzzy Sets and Systems 1 (1978) 155–167.
[20] T.L. Saaty, The Analytic Hierarchy Process, McGraw-Hill, New York, 1980.
[21] T. Tanino, Fuzzy preference orderings in group decision-making, Fuzzy Sets and Systems 12 (1984) 117–131.
[22] T. Tanino, Fuzzy preference relation in group decision making, in: J. Kacprzyk, M. Roubens (Eds.), Non-Conventional Preference Relation in Decision
Making, Springer, Berlin, 1988, pp. 54–71.
[23] T. Tanino, On group decision making under fuzzy preferences, in: J. Kacprzyk, M. Fedrizzi (Eds.), Multiperson Decision Making Using Fuzzy Sets and
Possibility Theory, Kluwer, Netherlands, 1990, pp. 172–185.
[24] L.G. Vargas, An overview of the analytic process and its applications, European Journal of Operational Research 48 (1990) 2–8.
[25] L.F. Wang, S.B. Xu, The Introduction to the Analytic Hierarchy Process, Chinese People University Press, Beijing, 1990.
[26] Y.M. Wang, K.S. Chin, A linear goal programming priority method for fuzzy analytic hierarchy process and its applications in new product screening,
International Journal of Approximate Reasoning 49 (2) (2008) 451–465.
[27] Y.M. Wang, Z.P. Fan, Group decision analysis based on fuzzy preference relations: logarithmic and geometric least squares methods, Applied
Mathematics and Computation 194 (1) (2007) 108–119.
[28] Y.M. Wang, Z.P. Fan, Z.S. Hua, A chi-square method for obtaining a priority vector from multiplicative and fuzzy preference relations, European Journal
of Operational Research 182 (1) (2007) 356–366.
[29] Y.M. Wang, C. Parkan, Multiple attribute decision making based on fuzzy preference information on alternatives: Ranking and weighting, Fuzzy Sets
and Systems 153 (3) (2005) 331–346.
[30] Z.S. Xu, Generalized chi square method for the estimation of weights, Journal of Optimization Theory and Applications 107 (2002) 183–192.
[31] Z.S. Xu, Goal programming models for obtaining the priority vector of incomplete fuzzy preference relation, International Journal of Approximate
Reasoning 36 (2004) 261–270.
[32] Z.S. Xu, Incomplete complementary judgement matrix, Systems Engineering-Theory & Practice 25 (2004) 93–97.
[33] Z.S. Xu, Q.L. Da, A least deviation method to obtain a priority vector of a fuzzy preference relation, European Journal of Operational Research 164 (2005)
206–216.
[34] J.J. Zhang, Fuzzy analytical hierarchy process, Fuzzy Systems and Mathematics 14 (2000) 80–88.
